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A complete arc in a design is a set of elements which contains no block and is
maximal with respect to this property. The spectrum of sizes of complete arcs in
Steiner triple systems is determined without exception here.  1997 Academic Press
1. DEFINITIONS
A Steiner triple system of order v (briefly, STS(v)) is a pair (X, B) where
X is a v-element set and B is a collection of 3-subsets of X (triples), such
that every pair of X is contained in exactly one triple of B. It is well known
that a necessary and sufficient condition for a STS(v) to exist is that v#1
or 3 (mod 6).
A subset S of the set X of elements of the STS is independent, or an arc,
if |B & S |2 for each B # B. For a set S of elements, we say that an ele-
ment x of X"S is spanned by a pair [s, t] # S if [s, t, x] # B. A set S is
spanning if every x # X"S is spanned by a pair in S. A subset which is both
independent and spanning is precisely a maximal independent set, or a com-
plete arc. When s=|S |, the term complete s-arc is employed.
A subset S of elements is scattering if it is independent and, for any two
blocks B, C # B with |B & S |=|C & S |=2, we find B"S{C"S. In other
words, all elements spanned by pairs in S are distinct. Now let
L(v)=w 12 (- 8v+1&1)x
U(v)=W 12 (- 8v+1&1)X
T(v)={
v+1
2
v&1
2
if v#3, 7 (mod 12)
if v#1, 9 (mod 12).
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Sauer and Scho nheim [12] establish that T(v) is the largest size of an
independent set in an STS(v); Bigelow and Colbourn [1] later generalized
this to triple systems of higher index. Colbourn, Dinitz, and Stinson [4]
establish that L(v) is the largest size of a scattering set, and that U(v) is the
smallest size of a spanning set, in an STS(v).
An independent set of maximum size is necessarily maximal, and hence
the result of Sauer and Scho nheim gives complete arcs of size T(v). A span-
ning set of minimum size need not, in general, be independent. However,
the technique of Colbourn, Dinitz, and Stinson produces spanning, inde-
pendent setsand hence complete arcsof size U(v). Evidently, the size s
of a complete arc in an STS(v) satisfies U(v)sT(v). We have now seen
that known results establish that the two extreme values can be realized. In
this paper, we establish that the spectrum of sizes of complete arcs in
STS(v)’s is precisely the interval [U(v), T(v)].
There is an extensive literature on independent sets and complete arcs in
triple systems; questions on sizes of complete arcs in particular are
addressed in [10]. One example is the study of partitions into complete
arcs of minimum cardinality [5, 8]. However, the previous work focused
primarily on the question of Erdo s and Hajnal [6] which asks what the
minimum over all STS(v)’s of the size of a maximum independent set in the
STS. There exist STS(v)’s in which the largest independent set has size at
most c - v, where c is an absolute constant [2, 3, 7, 9]. In addition, there
are STS(v)’s having no spanning set of size U(v) [4]. Hence it is surely not
the case that every STS(v) has complete arcs of each size s satisfying
U(v)sT(v); rather, for every such s, we establish that there exists an
STS(v) with a complete s-arc.
We use one construction repeatedly, the singular direct product for STS’s.
We outline it here. A subsystem of order w in an STS(v) (V, B) is a set
WV where every triple of B meets W in 0, 1, or 3 elements. Given an
STS(v) with a sub-STS(w), the singular direct product produces an
STS(3(v&w)+w) having subsystems of order v and w (and perhaps
others). The construction is as follows: Let X=V"W. The STS to be
formed has elements (X_[1, 2, 3]) _ W, writing xi for (x, i) # X_[1, 2, 3].
Take a latin square L of side v&w with rows, columns, and symbols
indexed by the elements of X. When L(a, b)=c, form a triple [a1 , b2 , c3]
(these are latin square triples). Now, for i=1, 2, 3, place a copy of
the STS(v) on (X_[i]) _ W, so that the subsystem of order w appears
on W (these are i-subsystem triples). Suppress the second and third copy
of the triples on W. The result is an STS(3(v&w)+w) with a sub-
STS(w) on W, and sub-STS(v)’s on (X_[i]) _ W for i=1, 2, 3. In
addition, if the STS(v) had other subsystems, these appear again in the
STS(3(v&w)+w). For convenience, we always take V=[1, ..., v] and
W=[v&w+1, ..., v].
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Since the effective application of the singular direct product requires
the presence of appropriate subsystems, it is important to limit the size
of the subsystems that we require. If 3(v&w)+w, v, and w are all to be
admissible orders for an STS, and we want to write every admissible order
in the form 3(v&w)+w, we note that w=0 works for v#3, 9 (mod 18),
w=1 works for v#1, 7 (mod 18), and w=3 works for v#15 (mod 18).
But an STS(v) always has subsystems of order 0, 1, and 3 when v3, and
hence one can always apply singular direct product with w # [0, 1, 3].
Unfortunately, one congruence class remains: v#13 (mod 18). In this case,
w=7 works; however, in an inductive strategy it is then necessary to
ensure that the STSs constructed have sub-STS(7)’s.
We therefore prove the following stronger characterization of the
spectrum for complete arcs:
Theorem 1. If x#1, 3 (mod 6) and U(x)sT(x), there exists an
STS(x) with a complete s-arc. When x=7 or x15, this STS(x) has a sub-
STS(7) and the sub-STS(7) contains at least two elements of the complete
arc. When x15, for the complete arc and sub-STS(7) chosen, there is an
element of the sub-STS(7) that is spanned by a pair within the complete arc
but not within the sub-STS(7).
The remainder of this paper proves the theorem stated, proceeding
inductively on v. We tabulate first the minima and maxima for some small
orders.
The main theorem holds for x # [3, 7, 9, 13], since in these cases there
are no sizes strictly between the minimum and the maximum.
2. THE MIDDLE RANGE
We apply the singular direct product to obtaining different sizes of com-
plete arcs by using the flexibility both in selecting the latin square to be
used, and in selecting the ingredient STS’s. To produce a number of useful
latin squares, we employ the following theorem of Ryser [11]:
Theorem 2.1. Let L be a partial latin square of order n in which cell
(i, j) is filled if and only if ir and js. Then L can be completed to a latin
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square of order n if and only if N(x)r+s&n for x=1, 2, ..., n, where N(x)
denotes the number of elements in L that are equal to x.
Corollary 2.2. Let n be an integer and mn2. Let _ be an integer
satisfying m_min(m2, n). There exists a latin square of order n in which,
in the subarray in rows 1, ..., m and columns 1, ..., m, the set of distinct sym-
bols that appear is precisely [n&_+1, ..., n].
Proof. Form a latin square of side m on symbols n&m+1, ..., n. Now
for i=n&_+1, ..., n&m, select arbitrarily some symbol occurring two or
more times in the square, and replace one of the occurrences by the symbol
i. This can be done since _m2, and the resulting partial m_m square has
exactly :n symbols in it. Apply Theorem 2.1, trivially since r+s&n0,
to obtain the conclusion. K
Theorem 2.3. Let x#1, 3 (mod 6). Let s be an integer satisfying
(a) 2U \x3+s
x
3
&1+T \x3+ if x#3, 9 (mod 18)
(b) 2U \x+23 +&1s
x&1
2
if x#1, 7 (mod 18)
(c) 2U \x+63 +&1s
x&1
2
if x#15 (mod 18)
(d) 2U \x+143 +&2s
x&9
2
if x#13 (mod 18)
Then there is an STS(x) having a complete s-arc, and when x=7 or x15
it also has a sub-STS(7) containing at least two elements of the arc.
Proof.
Case (a): x#3, 9 (mod 18). Set v=x3 and w=0. When s3U(v),
write s=2q+; for ; # [q&1, q, q+1]; otherwise, write q=U(v) and
s=2q+;. Now q<v2, so apply Corollary 2.2 with m=q and _=v&; to
form a latin square L of side v. Use L to form the latin square triples in
the singular direct product. For i=1, 2, the i-subsystem triples are formed
by an STS(v) having a complete q-arc on [1, ..., q]. The 3-subsystem triples
are formed by an STS(v) having an independent set on [1, ..., ;]. The
first and second systems exist since (v&1)2qU(v). Since ;q+1
when q(v&3)2, and ;T(v) when q=(v&1)2, the third STS(v) with
an independent set of size ; also exists. The singular direct product
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produces an STS(x) having a complete s-arc on ([1, ..., q]_[1, 2]) _
([1, ..., ;]_[3]). Independence is immediate. Every element in the first
two subsystems is spanned by the complete q-arcs, while all elements of the
third ingredient STS that are not in the arc are spanned by the latin square
triples. Inductively, we can select the first STS(v) to have a sub-STS(7)
when v=7 or v15. It remains to treat x # [27, 39].
Case (b): x#1, 7 (mod 18). Write v=(x+2)3 and w=1. When
s3U(v), write s=2q+; for ; # [q&1, q, q+1]; otherwise when
q2U(v), write q=U(v) and s=2q+;. Now proceed as above, but with
L of side v&1, ensuring that the point v appears in neither of the complete
arcs, nor the independent set of the third system. If s=2U(v)&1, set
q=U(v)&1, ;=0, and include the single point of the subsystem in the
complete arc. To ensure the presence of a sub-STS(7), it remains to treat
x # [25, 37].
Case (c): x#15 (mod 18). If x=15 see Lemma 3.2. Otherwise, write
v=(x+6)3 and w=3. When s3(U(v)&1)+1, write s=2q+;+1 for
; # [q&1, q, q+1]; otherwise, write q=U(v)&1 and s=2q+;+1. Apply
Corollary 2.2 with m=q and _=(x&3)3&; to form a latin square L of
side v&3, yielding the latin square triples. Choose the first two STS(v)’s
with complete q-arcs, arranged in such a way that v&2 is a point of the
q-arc, but v&1 and v are not; this can always be done since q(v&1)2.
Choose the last STS(v) so that [1, ..., ;] _ [v&2] is an independent set.
The complete s arc is on ([1, ..., q]_[1, 2]) _ ([1, ..., ;]_[3]) _ [v&2].
To ensure the presence of a sub-STS(7) inductively, we must treat the case
x=33. Parameters v=15 and w=3 in case (c) also handle x=39, left from
case (a).
Case (d): x#13 (mod 18). Write v=(x+14)3 and w=7. Although
we have required that the systems constructed have sub-STS(7)’s, we have
exercised no control over the size of the intersection of various complete
arcs with the subsystem. As a result, we obtain a weaker result here. We
may suppose inductively that an STS(v) exists having a complete t-arc for
U(v)tT(v); further, suppose that in the STS(v) with the complete t-arc,
we find exactly $t of the points of the arc in the sub-STS(7). Evidently,
2$t4. We write s=2q+;&$q so that qU(v) and 0;T(v)&4.
When this can be done, choose latin square triples as before, then
place STS(v)s having a complete q-arc on elements [1, ..., q&$q] _
[v&6, ..., v&7+$q], and place finally the third STS with an independent
set on [1, ..., ;] _ [v&6, v&5, v&4, v&3]. If we follow the prescription
for the singular direct product blindly, this third STS would require an
independent set meeting a sub-STS(7) in precisely four points, and our
induction hypothesis does not support this. Instead, we therefore omit the
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sub-STS(7)’s when placing the first two STS(v)’s, and place the third
STS(v) on ([1, ..., v&7]_[3]) _ [v&6, ..., v] so that its independent set
of size ;+4 appears on the desired points. This may, of course, fail to
place an STS(7) on the points [v&6, ..., v]. Nevertheless, provided the
STS(v) employed indeed has a sub-STS(7), it remains in the STS(x) and
continues to satisfy the induction hypothesis.
Since the [$q]’s are unknown, one must be careful to see what values
can be handled. For each value of q, by selecting 0;T((x+14)3)&4,
we handle an interval of values, and $q contributes only some small uncer-
tainty about which interval is covered. However, the interval for q and the
interval for q+1 must meet (or overlap) if T((x+14)3)&43, which
always holds since x>13.
Finally, we must handle the cases when v # [25, 27, 33, 37]. We simply
outline the strategy here. To produce an STS(v) having a complete s-arc,
we employed Stinson’s hill-climbing algorithm with two modifications.
First, we forced the selection of an STS(7) on the points [0, 1, 2, s, s+1,
s+2, s+3]. Then we required that whenever a triple is added, its largest
element is at least s. This ensures that the elements [0, ..., s&1] form an
arc, and then a simple verification is made that the arc is complete. Solu-
tions for 7s12 when v=25, 8s13 when v=27, 8s16 when
v=33 and 9s18 when v=33, were found in this way (and are
available from the authors). For v=25, the system
has complete arcs
A second STS(25),
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has complete arcs
An STS(27) and some of its complete arcs are:
An STS(33) and some of its complete arcs are:
An STS(37) and some of its complete arcs are:
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Except when (v, s)=(27, 12), (33, 13), (33, 14), (33, 15), (37, 14), (37, 15),
(37, 16), or (37, 17), these examples treat all cases with v # [25, 27, 33, 37].
We leave the remaining cases for s as easy exercises for the reader. K
3. AT AND NEAR THE MAXIMUM
Theorem 2.3 misses a narrow but growing interval of values near the
minimum, and only a few values near the maximum. We treat the missed
values near the maximum first. The maximum value itself, T(v), has been
settled by Sauer and Scho nheim [12], but we must repeat it in order to
ensure the presence of the required sub-STS(7).
We employ here another standard construction, the v  2v+1 construc-
tion. A 1-factor in a graph is a regular, spanning subgraph of degree 1 (i.e.,
a perfect matching). A 1-factorization of a graph G is a set F=[F1 , ..., Fr]
where each Fi is a 1-factor (here G must be an r-regular graph). Now if an
STS(v) on elements V exists, and a one-factorization of the complete graph
of order v+1 on a disjoint set X of elements exists, one produces an
STS(2v+1) on V _ X as follows. Include all triples in the STS(v). Then let
V=[z1 , ..., zv], and let the 1-factorization be F=[F1 , ..., Fv]. Whenever
[a, b] # Fi , add the triple [zi , a, b]. The result is easily seen to be an
STS(2v+1), but more is true: X forms an independent set of size v+1.
Typically the STS(2v+1) constructed has many more complete arcs. We
examine this next. A set D of vertices in a graph is independent if it induces
a void subgraph, and it is dominating if every vertex not in D has at least
one neighbour in D. Consider a 1-factorization F=[F1 , ..., Fv] of Kv+1 ,
and let Gr= ri=1 Fi . Now choose an STS(v) for which [z1 , ..., zr] is a
complete arc, and choose a 1-factorization F of Kv+1 so that D is an inde-
pendent dominating set of size s in Gr . Then applying the v  2v+1 con-
struction, it is easily verified that [z1 , ..., zr] _ D is a complete (r+s)-arc
in the STS(2v+1).
It is easy to produce 1-factorizations of Kv+1 , v odd, in which the first
(v&1)2 1-factors form a bipartite graph with an independent, dominating
set of size (v+1)2this is just a class of the bipartition. In fact, the same
independent, dominating set is present in Gr for every r satisfying
1r(v&1)2. Hence we conclude:
Theorem 3.1. If an STS(v) having a complete s-arc exists, then an
STS(2v+1) having a complete (s+(v+1)2)-arc also exists. If the STS(v)
has a sub-STS(7) meeting the conditions of Theorem 1.1, so also does the
STS(2v+1).
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Inductively, Theorem 3.1 fails to produce the required sub-STS(7) within
the sub-STS(v) when 2v+1 # [19, 27]. However, in both cases, one can
choose the 1-factorization to have a sub-1-factorization of order 4. Then
attaching the three 1-factors of the subfactorization to three elements of a
triple in the sub-STS(v) yields the required sub-STS(7).
The structure of the independent dominating sets can also be exploited:
Lemma 3.2. There is an STS(15) having a complete s-arc in which $s arc
elements lie in a sub-STS(7) when (s, $s) # [(8, 4), (7, 4), (6, 4), (5, 3)].
Proof. For (8,4), apply Theorem 3.1. For (7, 4), consider the 1-fac-
torization:
Each column forms a 1-factor, and the first four 1-factors yield a graph
with [1, 2, 3] as an independent dominating set. Employ these in the
doubling construction using an STS(7) having a complete 4-arc, attaching
the first four 1-factors to the arc elements. The 4-arc, together with
elements [1, 2, 3] from the 1-factorization, gives the complete 7-arc.
For (6, 4), choose a 1-factorization in which the first three 1-factors form
two disjoint complete graphs on four elements each. Then the first four
1-factors induce a graph with an independent dominating set of size two.
For (5, 3), employ the same 1-factorization, noting that the first three
1-factors also induce a graph with an independent dominating set of size two.
Suppose without loss of generality that the edge joining the two elements
in the independent dominating set appears in the seventh 1-factor. Then
choose the STS(7) to be used to have triples [x1 , x2 , x4], [x1 , x3 , x5], and
[x2 , x3 , x6], without loss of generality. Then [x1 , x2 , x3] is not a complete
arc, but it fails to span only x7 . But x7 is spanned by the two elements of
the independent dominating set. K
Now we turn to cases when x#1, 9 (mod 12). When x#1, 3, 7, 15
(mod 18), Theorem 2.3 reaches the maximum, (x&1)2. Indeed, when
x#9 (mod 18) and x#9 (mod 12), we find x#9 (mod 36) so that (x3)#3
(mod 12) and again Theorem 2.3 reaches the maximum. Therefore the only
remaining case is when x#13 (mod 36).
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Theorem 3.3. Let v=36t+13, t1. When 15t+5s18t+6, there
exists an STS(v) having a complete s-arc. In addition, it contains a sub-
STS(7) meeting the conditions of Theorem 1.1.
Proof. Form an STS(6t+3) on elements (X_[0, 1]) _ [] in which
[, x0 , x1] is a triple for each x # X. Let D be the set of triples not con-
taining . On X_[0, 1]_[0, 1, 2]_[0, 1], we form a set of triples,
writing the 4-tuple (x, i, a, p) as (xi , ap). When [xi , yj , zk] # D, we form
the 36 triples obtained by taking [(xi , ap), ( yj , bq), (zk , cr)] whenever
a+b+c#0 (mod 3) and p+q+r#1 (mod 2), and of course [ p, q, r]
[0, 1] and [a, b, c][0, 1, 2]. Call the resulting set of triples B. Now no
triple contains more than two elements of X_[0, 1]_[0, 1, 2]_[0], since
in each triple chosen we required that p+q+r#1 (mod 2). However, for
every point of X_[0, 1]_[0, 1, 2]_[1], there are two points in
X_[0, 1]_[0, 1]_[0] with which it forms a triple of B. To verify this,
consider a point (zk , c1). Find a triple of D, say [xi , yj , zk], that contains
zk . If c=2, select a=0 and b=1; otherwise select a=b=c. In either case,
choose p=q=0. Then [(xi , ap), ( yj , bq), (zk , c1)] is indeed in B, and
[(xi , ap), ( yj , bq)] appears in the required set.
Let s^=s&(15t+5). For any s^ different selections of x # X, place on
[x]_[0, 1]_[0, 1, 2]_[0, 1] together with a new point  an STS(13)
with a complete 5-arc on
[(xi , ap) : (i, a, p) # [0, 1]_[0, 1]_[0] or (i, a, p)=(1, 2, 0)].
For the remaining 3t+1& s^ choices of x # X, on [x]_[0, 1]_[0, 1, 2]_
[0, 1] together with the new point , place an STS(13) with a complete
6-arc on [x]_[0, 1]_[0, 1, 2]_[0]. In both cases, we ensure (without
loss of generality) that [, (xi , 00), (xi , 01)] is a triple for i=0, 1.
The set of all blocks forms an STS(v) with v=36t+13. The unions of
the complete arcs in the STS(13)’s so placed are a complete s-arc as
required. When [xi , yj , zk] # D, we find a sub-STS(7) satisfying the condi-
tions of Theorem 1.1, on ([(x, i), ( y, j), (z, k)]_[0]_[0, 1]) _ []. K
4. AT AND NEAR THE MINIMUM
Theorem 2.3 treats all values from approximately (2 - 2- 3) - x
upward, whereas U(x) is approximately - 2 - x. To continue with the
singular direct product, we must then abandon the assumption that within
the first two STS(v)’s the elements included form a complete arc of the sub-
system. In this case, the machinery developed in [4] can be used.
Colbourn et al. [4] prove that
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Theorem 4.1. For every v#1, 3 (mod 6), there is an STS(v) with a scat-
tering set of size L(v). Moreover, when v=31 or v43, there is an STS(v)
with a scattering set of size L(v) in which exactly two points of the scattering
set are in a sub-STS(7), and at least four other points of the sub-STS(7) are
spanned by the scattering set.
They also employ the singular direct product, but the latin squares
required have somewhat different restrictions. A latin square of side r is
(a, b)-scattered if
1. The a_a subarray indexed by rows 1, ..., a and columns 1, ..., a
contains a2 distinct symbols, none of which are in the set [1, ..., b].
2. In rows 1, ..., a, the symbols 1, ..., b appear in ab distinct columns.
3. In columns 1, ..., a, the symbols 1, ..., b appear in ab distinct rows.
Lemma 4.2 [4]. If ba and rmax(a2+b, ab+a+b), then an (a, b)-
scattered latin square of side r exists.
We follow the prescription by Colbourn, et al. [4] closely.
Theorem 4.3. Let x=3r+w, with w=0 when x#3, 9 (mod 18), w=1
if x#1, 7 (mod 18), w=3 when x#15 (mod 18), and w=7 when x#13
(mod 18). Let e=w when w # [0, 1], e=2 when w=7, and e=U(x)
mod 3 when w=3. Let a1 , a2 , a3 satisfy W(U(x)&e)3Xa1a2a3
w(U(x)&e)3x and a1+a2+a3+e=U(x). Then whenever U(x)s
a1+a2+e+(r&a1 a2), there is an STS(x) having a complete s-arc which
contains an STS(7) meeting the conditions of Theorem 1.1.
Proof. We form the STS(x) on ([1, ..., r]_[1, 2, 3]) _ [r+1, ..., r+w],
writing xi for (x, i). First we form an (a1 , a3)-scattered latin square of
side r, which is shown to exist in [4]. For concreteness, suppose that the
latin square L constructed has symbols [r&a1a2+1, ..., r] in the leading
a1_a2 subarray, that it has symbols 1, ..., a3 in rows 1, ..., a1 appearing in
columns r&a1a3+1, ..., r, and that it has symbols 1, ..., a3 in columns
1, ..., a2 appearing in rows r&a2 a3+1, ..., r. Our objective is to form a
complete arc that contains (at least) the points P=[r+1, ..., r+e] _
3i=1 ([1, ..., ai]_[i]). If we use L to form latin square triples, then imme-
diately we find that no element xi can be added to P while keeping the set
independent if x>ajak and [i, j, k]=[1, 2, 3]. One can, however, for fixed
i # [1, 2, 3], add all elements [xi : ai<xr&ajak , [i, j, k]=[1, 2, 3]] to P
while retaining independence among the latin square triples. But one cannot, in
general, add elements with different subscripts and retain independence.
The subsystem triples on [1i , ..., ri , r+1, ..., r+w] for i=1, 2, 3 must
now be selected. We choose the first system to be an STS(r+w) with a
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sub-STS(w), having a scattering set of size a1+e with e of the scattering
set elements in the sub-STS(w). In general, we further prescribe the number
d1 of elements of the sub-STS(w) spanned by the scattering set. Place the
STS with scattering set on ([1, ..., a1]_[1]) _ [r+1, ..., r+e], so that the
( a1+e2 ) triples having two elements in the scattering set have third elements
(which are all different) equal to [a1+1, ..., a1+( a1+e2 )&d1] outside
of the subsystem, and to [r+e+1, ..., r+e+d1] within the subsystem.
Evidently, when a1+( a1+e2 )&d1r&a2a3 , the 1-subsystem triples,
together with the latin square triples, prevent the addition of any element
x1 with x>a1 to P, while retaining independence. We always take d1=0
when x#1, 3, 7, 9 (mod 18). We take d1=1 when x#15 (mod 18), and we
take d1=4, 3, 3 when U(x)#0, 1, 2 (mod 3), respectively. Colbourn et al.
[4] verify that the required inequality above is met by these choices of
parameters.
The second subsystem is placed similarly, with third elements in the
sub-STS(w) from [r+e+1, ..., r+e+( e2)] _ [r+e+d1+1, ..., r+e+d1+
d2&( e2)]. When r+e+d1+d2&(
e
2) exceeds r+w, for the latter set take
[r+w&d2+( e2)+1, ..., r+w]. Again the verification requires that we
specify d2 . We take d2=d1 except when x#13 (mod 18) and U(x)#0
(mod 3), in which case we take d2=2. Colbourn et al. [4] verify that
a2+( a2+e2 )&d2r&a1a3 , so that no element of the form x2 can be added
to P while retaining independence once the 2-subsystem triples are present.
If we were also to place the third subsystem similarly, this would in
fact realize the minimum size U(x) of the complete arc. However, we
vary the prescription for this last ingredient. The basic fact upon which we
rely is that having placed the latin square, 1-subsystem, and 2-subsystem
triples, the only candidates to add to P while retaining independence are
[x3 : a3<xr&a1 a2] _ [r+e+d1+d2&( e2)+1, ..., r+w]. Some compu-
tation shows that with the specified choices of e, d1 , and d2 for each choice
of w, the latter set (within the subsystem) is empty except when x#13, 15
(mod 18), in which cases it contains at most one element. This limitation
depends in no way on the selection of the third subsystem to be placed.
So write s~ =s&U(x), the amount by which the size of the desired com-
plete arc exceeds the size of a minimum complete arc. Form an STS(r+w)
on [1, ..., r+w] with a sub-STS(w) on [r+1, ..., r+w] having an inde-
pendent set on [1, ..., a3+s~ ] _ [r+1, ..., r+e] by which all elements
[a3+s~ +1, ..., r&a1 a2] _ [r+e+d1+d2&( e2)+1, ..., r+w] are spanned.
We have seen that the size of the latter set (within the subsystem) is at
most one. When w # [0, 1, 3], this can be ensured for any STS(r+w).
When w=7, the induction hypothesis provides the required system (except
when r+w13, which cannot hold).
Indeed we can choose 0s~ r&a1a2&a3 as we like, since a1 a2 com-
prises approximately two-thirds of the elements. That one can always
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choose s~ at the maximum without exceeding the size of an independent set
in the STS(r+w) is an easy but tedious verification (which we completed
with a simple Maple program). The more serious issue is whether we can
choose s~ small. However, Colbourn et al. [4] verify that when s~ =0 we
have a3+( a3+e2 )&d3r&a1a2 , so the result is always a complete arc. The
required sub-STS(7), when present in one of the ingredients, remains in the
STS constructed. K
5. PUTTING THE PIECES TOGETHER
The remaining issue is to consider those values that are too large for
Theorem 4.3, but too small for Theorem 2.3. Since the largest size treated
by Theorem 4.3 grows approximately as x9, while the smallest size treated
by Theorem 2.3 grows only as - 8x3, it is easy to see that for x sufficiently
large, all sizes of complete arcs are treated by one (or both) of these two
constructions. However, for small values of x, one must verify that there
remains no gap between the two constructions. This verification is lengthy,
but easily done.
It is not unexpected that the possible sizes of complete arcs form an
interval, and indeed that there is substantial flexibility in forming them.
Nevertheless, the techniques used appear to encounter essentially different
problems near the minimum, in the middle, and near the maximum sizes.
It would be of interest to find single systems that admit many different sizes
of complete arcs. Our experience is that most systems have very many
small complete arcs but few (if any) of sizes near the maximum. This
suggests the problem of determining the maximum, over all Steiner triple
systems of a given order, of the size of a smallest complete arc in the
system. We expect this number to be close to U(v) on the (admittedly
weak) basis of computational evidence.
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